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SCALABLE MULTI-LEVEL CODER

Abstract: The construction of a multi-level coder for converting a 2™-bit unitary code into an n-bit
positional binary code is considered. The coder contains (n-1) levels of conversion. At each i-th level the
corresponding i-th bit of the output code and the inputs for the next (i-1)-th level are formed, and the number
of inputs is halved compared to the i-th level. At the 1-st level two lower bits of the output code are formed.
The coder inputs are the inputs of the senior (n-1)-th level of conversion, at which an (2™1)-bit unitary code
for the next (n-2)-th level of conversion is formed. Thus, levels with numbers from 1-st to (i-1)-th represent
an i-bit coder, the inputs of which are formed at the senior i-th level.

An example of the coder constructing with a bitness of the output code equal to 4 and a bitness of the
input unitary code equal to 16 using the proposed method is given. For this example the scaling coder scheme
is given — constructing an coder with a bitness of the source code equal to 5 and a bitness of the input unitary
code equal to 32. The proposed method of the scaling coder does not require changes in the scheme of the
existing coder. The scheme that implements the scaling procedure is an additional n-th level of transformation
and is connected only to the inputs of the existing coder. In the same way, scaling is provided for any bit depth
of the coder output.

A comparative assessment of the complexity of the proposed solution for any bitness of the output code
is performed. The purpose of the work is to reduce the hardware costs of constructing the coder, as well as to
provide a simple acceptable method of scaling the existing coder.

Keywords: multi-level coder, unitary code, positional code, scaling, Quine price, hardware costs, device
complexity.
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MACIHITABOBAHUIN BATATOCTYIEHEBUH INIA®PATOP

Anomauia: Poszensinyma nobyoosa bazamocmyneneso2o wugpamopa O0ns nepemeopenus 2™ -
PO3PAOH020 YVHIMAPHO20 KOOy 8 N -pO3psiOHUtl nozuyitinutl 0eitikosuti kod. [llugppamop micmume (n-1)
CMYNiHb NEePEemBOPeHHs, HA KOJICHOMY 1-My CMyneHi hopmyemvpcst 8i0n06IOHUL i-1l po3psi0 UXIOH020 KOOY i
6x00u 015t HacmynHoeo (i-1)-eo cmynens, npuvomy KiibKicme 6X00i8 3MEHULYEMBCSL 6080E Y NOPIGHAHHS i3 i-
m cmynenem. Ha 1-my cmyneni ¢oopmyromscs 06a monoowux pospaou uxionozo koody. Bxoou wugpamopa
aensIomvcs 6xo0amu cmapuio2o (n-1)-2o cmynens nepemeopennus, na sxomy gopmyemocs (2™ 1)-pospsonuii
VHImapHuu Koo 018 HacmynHozo (N-2)-2o cmynenst nepemeopents. Takum yunom cmyneti 3 Homepamu 6io 1-
20 0o (i-1)-20 npedcmasnsiioms co60I0 i-po3PAOHULL WUDPAmMop, 6X00uU K020 Gopmyiombcs Ha Oinbu
Cmapuwomy i-my CmyneHi.

Hagedenuii npuxinad nobyoosu 3anponoHosanum cnocooom wugpamopa 3 po3paoHicmio GUXiOHO20
KOOy pi6HOI0 4 [ po3psoHicmiI0 6XiOH020 YHIMapHo2o Kooy pienoio 16. /s yboeco npuxiady Haseoena cxema
Macwmabyeanus wugpamopa — nob6yoosa wugpamopa 3 po3pAOHICMIO BUXIOHO20 KOOy pigHOIO 5 i
PO3PAOHICIIO 8XIOHO20 YHIMAPHO20 KOOy pigHoio 32. 3anpononoganuil cnocio macumabdysanus wugdpamopa
He nompebye 3MmiH y cxemi icHylouoz2o wugpamopa. Cxema, sAxa peanizye npoyeoypy macuimadysanis,
npedcmasisie cob6oo 000amKoull N-ii CMyniHb nepemseopeHts i NIOKIIYAEMbC MIIbKU 00 8X00i8 ICHYIOY020
wuppamopa. Takum dce uwuHOM 3ab6e3neuwyeEmMvbCsi Macuimady8aunHs 011 0OYO0b-AKoi Kiibkocmi po3psoie
BUXIOH020 KOOY wugpamopa.

Bukonana nopisnsanvha oyinka CKIAOHOCMI 3aNPONOHOBAHO20 PiuieHHS O OYOb-SKOI KilbKOCHI
pOo3pA0ie 8uUxioHo20 K00y wugpamopa. Memoio pobomu € 3MeHUleHHs anapamHux eumpam Ha no6yoogy
wugpamopa, a makodc 3a0e3neyeHHss NPOCMO20 NPUUHIMHO20 CROCOOY MACUMAOYEAHHS ICHYIOY02O0
wugpamopa.

Knrouosi cnosa: bacamocmynenesuti wugpamop, YHimapruti Koo, ROZUYIUHUL KOO, Macuimadys8anHs,
yina no Keaiiny, anapamui eumpamu, CK1a0HiCMb RPUCMPOIO.

1. Introduction. The coder function is to convert a unitary 2"-bit binary code into an n-bit
positional code. As a computing operational unit, the coder performs the decoder inverse function.
Note that in a unitary code each number is represented by the code "1" in only one bit.

An example of the coders use is a computer keyboard, the lines from each key are the coder
inputs. The unitary code from the keyboard keys is converted into a 7- or 8-bit code of the
corresponding symbol.

Another example is the use of coders in priority interrupt schemes. The interrupt requests with
the highest priority represented in the unitary code are converted into the positional code of the
interrupt program number [1...4].

2. Problem statement. The large number of inputs and the significant redundancy of the unitary
information coding used somewhat limited the possibilities of hardware implementation of coders (a
significant number of inputs-outputs, overall dimensions, etc.). With the constant development of
microelectronics technologies, the increasing degree of integration and microminiaturization of
circuits and computer elements, such limitations do not play an important role in the use of hardware
solutions of coders as part of large integrated circuits.

Therefore, the issues of improving such coder parameters as hardware costs, power
consumption, reliability of operation, etc. are relevant and interest to specialists and developers of
digital devices. Also important are requirements such as structure regularity, coders scalability (the
possibility of the output bit number expansion, in terms of arguments number), etc.
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The functional coder scheme has 2™ inputs (x(q), X(1), .-, X(2n.1y) and n outputs (y(o), Y1)
..sY(n-1)), Where 2™ is the input number bitness, n is the output number bitness, Fig. 1. Note that the
numbering of the input and output bits starts with “0”, the lowest bit is the bit with the index “0”.

x | CD y
X(am.1) 2" 1 n-1 Y(n-1)
X(1) 1 1 Yo
Yoy— O 0 Y(0)

Fig. 1. Graphical coder representation

The coder inputs are a unitary binary code, that is, only one of the coder inputs x;y is active.
At the coder outputs y an n-bit binary number i is formed, which is equal to the number of the active
the coder input. In scientific, technical and educational literature, as a rule, single-level coders based
on logical elements "OR™ are described [5-8]. Each j-th digit of the output binary number y;, is
formed as a disjunction of the coder inputs, the binary numbers of which in the corresponding j-th
digit contain "1™

Yo) = X VXxsV X(s5) Vxmz V..V X(2n.1); (1)

y(l) = x(z) \ X(3) \% X(G) \ X(7) \% X(lo) \ X(ll) V..V x(zn_z) \% X(Zn_l); (2)

As follows from (1) - (3), when the output positional code bitness (number of bits) increases by
“1”, the number of inputs for each “OR” element doubles. If the coder bitness (bitness of the input
and output number) grows, the hardware costs and, as a result, the power consumption of the device
increase significantly.

3. Multi-level coder structure. The multi-level coder structure consists of ( (n-1)
transformation levels [9]. Each i-th level (i = 1,n-1) implements two functions:

— formation of the i-th output bit;

— formation of inputs for the next (lower) (i-1)-th transformation level. The number of the
(i-1)-th level inputs is halved compared to the previous i-th level. Note, at the 1-st level 1-st and O-
th coder outputs are formed.

The construction of a multi-level coder begins with the highest (n-1)-th level. On Fig. 2 a
scheme of (n-1)-th and (n-2)-th (highest) of the coder levels are shown. The (n-1)-th level inputs
are the coder inputs xqy, --., X(2n.1).

The formation of the highest (n-1)-th output bit is carried out by the block AT which is a
(2™1)-input logical element "OR". This logical element combines the highest half of the coder inputs,
i.e. all inputs whose binary numbers contain "1" in the highest digit:

y(n.l) = x(zn'l) V X(Zn-1+1) V ...V X(Zn_l).

The formation of input signals x((’;')z),..., xg;ff_l) for the next — (n-2)-th level is carried out by

2-input logical elements "OR" of block B: B((’é')l),..., Bgﬂ_l). Each such logical element "OR"

combines the coder inputs, the binary numbers of which have different values only in the most
significant (n-1)-th bit. Thus, the number of inputs of the next level is halved.

In the elements and signals designations of blocks A and B, the superscript indicates the number
of the coder level, the subscript indicates the ordinal number of the element.
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Fig. 2. Higher coder levels
Note: the superscript in parentheses indicates the coder level number;
the subscript indicates the sequence number of the input, output, or circuit element

In other words, the lower (n-1) digits of the (n-1)-th level represent the numbers of the inputs
(n-2) (n-2)

of the next — (n-2)-th level (inputs x (0) 2 x(zn-1-1))'

The formation of the next (n-2)-th bit of the output code is carried out by the block A®™2),
which is a (2™2)-input logical element "OR". This logical element combines the upper half of the
inputs of the (n-2)-th coder level, that is, all the inputs of the (n-2)-th level, the binary numbers of
which contain "1" in the upper bit:

— (2 (n-2) (n-2)
y(n_z) - X(Zn_z) V X(Zn_2+1) V V X(Zn_l_l).
(n-3) (n-3)

The formation of input signals X0y r+> X(an2.q) for the next (n-3)-th level is carried out by

2-input logical elements "OR" of block B: B((’Z)')Z),..., Bg;fz)_l).
Fig. 3 shows the scheme of the coder 1-st level. The outputs of this stage xJ and x? are
designated by analogy with the previous levels. The output x{ of the element BM is the 0-th bit of

®
the coder output.

The logic element B} on Fig. 3, which is shown by analogy with the previous levels, is not used
in the scheme of the 1-st stage. The value of the 0-th bit of the source code is formed by the logic
element of the 1-st level B. Therefore, in each i-th level, the 2-input elements “OR”, which form the
inputs with the number “0” for the younger (i-1)-th level, can be removed.

The generalized scheme of the i-th and (i-1)-th levels, taking into account the above, is shown
in Fig. 4.
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Fig. 3. The coder 1-st level

The inputs of the i-th level x((;)) ""xg)i-l-l) are formed at the highest (i + 1)-th level. The

values of the i-th and (i-1)-th bits, the inputs for the (i-1)-th and (i-2)-th levels are formed in the
same way as described when considering the highest (n-1)-th and (n-2)-th levels.
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Fig. 4. The generalized scheme of the i-th and (i-1)-th coder levels

4. The example of a multi-level coder. Fig. 5 shows an example of the coder with 4 outputs
~ Y0y, Yy Y2) Y » Which has 3 levels of conversion. The coder inputs xqy, X(2), ..., X(15) are
the inputs of the highest — 3-rd level, which is formed in the manner described above.

The formation of the highest 3-rd digit of the source code is carried out by the block A® — an
8-input logical OR element that implements the function

Yi3) = X@)V X V..V Xis).
The formation of input signals x((zl))x((zz)) e X8 s X (DYN(2) ) for the next 2-nd level is

. . . nApr R(B) RB) (3),
carried out by 2-input logical elements "OR™ B'}), B ;... B

@ _ . 2 _ . (2) _
X)) =X V X(9); X)) =X V X0y - X(7) = X(7) V X(15)-
The 2-nd level contains a 4-input “OR” element — block A® | to which the inputs x

@ @ @
X5y X6)” *(7)

()
(4)’

are connected. The output of this element forms the 2-nd bit y,,of the coder output.
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The inputs for the 1-st stage are formed by 2-input “OR” elements B% B% ng:

W _ @D, D _ @@, 1) _ @, @
Xy =Xy VX5 X)) TXe) VX X)) T X@) Vg -

level 3
O R oy
Xy 14| |4 OR
Xy 23] i3
S .
X(12) 1? 12 A® Yiay
%y 11] 1
X(y)10f JO _ level 2
Xg) —2 ; 7__lor
X(g) —B 6 iz
i) _-; . = . 5 AlZ)
e . 7| s
X(z) —=2 BEE;
Xigy 2
X —2| 4 OR x-:tsﬁ 7 OR x pevel
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Fig. 5. Coder of 4-bit output number

In Fig. 3 the construction of the 1-st level is shown (excluding the element B(%))).

5. The coders scaling. Scaling of technical systems is carried out in order to increase the
productivity of the projects by introducing additional resources into the existing system. The main
requirement for scaling is minimal execution time, preservation of functionality and the absence of
significant changes in the existing system.

An example is a telecommunications network, in which scaling consists of connecting
additional nodes and transmission channels without changing the previous topology, introducing new
exchange protocols while maintaining or improving the quality of service and user interface, etc. [3,
10, 11].

Another example is the scaling of a storage device by the address and data bitness, which
provides a significant increase in the speed of the computer system [2, 4, 12].

Scaling of the coder in order to increase the bit size of the input and output numbers is carried
out by connecting additional level circuits to its inputs without any changes in the circuit of the
already existing designed coder.

Thus, to construct a (2™*1)-input coder based on the existing 2"-input coder (scaling by the
bitness of the input and output numbers), an additional n-th level will be used, which is formed
according to Fig. 2 (see section 3 of this article). This additional level contain a 2™-input “OR”

206



ISSN 2412-4338  TenexomyHnikamiiini Ta indopmaniiini Texnosorii. 2025. Ne 1 (86)

element, at the output of which an additional output bit y,, is formed, as well as 2™ 2-input “OR”
elements, on which the inputs of the existing encoder are formed.

Fig. 6 shows a scheme of an additional 4-th level when scaling the coder of a 4-bit output
number, which provides the construction of a 5-bit output coder.

o
a1y 0OF.
4
Fgz0y
AW ——
)
*am
4
*i1ey
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&)
) ——x
) Bys) s
E{15)
OF. -
Wl x
4] Bfl-l‘J iaei
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OF. ”
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£ By )
(L
L 1OR
@ L @
o By (o)
(0}

Fig. 6. Additional scaling level of the 4-bit coder

The additional bit y 4, is formed by the logical element "OR" of the block A™ . The inputs to

- - - " " (4) (4') (4) (4')
the existing encoder are formed by 2-input elements "OR" By, B 5y, ..., B(14), B(15)-

The proposed method is universal and can be used to scale coders regardless of the way they
are construct.
However, the following should be noted. If the existing coder is constructed using the 0-th bit

of the input unitary number, then the 2-input element "OR" ng))) must be taken into account in the

additional level. For the given example of 4-bitness coder scaling this it the 2-input element "OR"

ng. If the Oth bit of the input unitary number is not used, then the 2-input elements "OR" Bg}))and

@)
B (o)

are not taken into account.

6. Comparative characteristics of the coder complexity. To assess the complexity of the
considered coder schemes, we will use such a measurement parameter as the Quine price C —the total
number of all logical elements inputs of a digital circuit built in the corresponding basis [4, 5, 13].
The considered in the article coders are constructed using logical elements "OR", that is, the basis is
one logical element "OR". The Quine price C1 of the described in the article multi-stage coder (see
Fig. 2, 3, 4) is determined by the law of geometric progression [14], as the total price of all its levels,
according to the formula

C1 — al(qm-l)/q-l — 4(271-1_1)’ (4)

where a, = 4 is a first term of the progression (price of the 1st degree, see Fig. 3);
m = n-1 is a number of progression terms, transformation levels;
q = 2 isa denominator of a geometric progression.
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Note that for the proposed coder scheme with 2-input elements BE(?) removed in each stage (Fig.

4), the hardware costs (Quine price) is determined by the following expression:
C, = 4(2"1-1) — 2(n-1).
The second term in this expression 2(n-1) represents the Quine price of the 2-input elements

B{) removed in each level.

Let us make a comparative assessment of the hardware costs for constructing the known single-
level and proposed multi-level coders. The Quine price of the known single-stage encoder constructed
according to expressions (1)-(3) is defined as

C;=n-2"1, (5)

From expressions (4) and (5) it follows that, in comparison with the single-level structure

according to expression (1), (2), (3), the relative complexity of multi-level coders is significantly

reduced when increasing the output bitness n:

(n)
E(n) = Cl / (n)!
C3

where ™ js the relative complexity of the multi-level coder;
the superscript (n) indicates the coder source code bitness.
The comparative characteristics of both solutions are shown in the table below.

Table 1
The comparative characteristics of both solutions
(n) c c” §m

2 4 4 1
3 12 12 1
4 28 32 0,875
5 60 80 0,75
6 124 192 0,65
7 252 448 0,56
8 508 1024 0,5
9 1020 2304 0,44
10 2044 5120 0,4
11 4092 11264 0,36
12 8188 24576 0,33

As shown in the table, the coefficient & of the reduction in hardware costs for building a multi-
level coder decreases starting from the value of the source code bitness n = 4. With an increase in of
the output code bitness the coefficient ¢ constantly decreases.

7. Conclusions. The aim of the work is to reduce the hardware costs of coder construction, as
well as to provide a simple and acceptable way to scale an existing, already designed coder. The
proposed structure of a multi-level coder is characterized by a significant reduction in complexity
(reduction in hardware costs for construction) compared to a single-level encoder. This in turn leads
to a corresponding reduction in the power consumption of the device.

The coder contains (n-1) transformation level, at each i-th level the corresponding i-th bit of
the output code and inputs for the next (i-1)-th level are formed, and the number of inputs is halved
compared to the i-th stage. Thus, the complexity of each subsequent level is halved compared to the
previous one.

The levels with numbers from 1-st to (i-1)-th represent an (i)-bit coder, the inputs of which are
formed at the higher (i)-th level. The proposed method of the coder scaling is to increase the inputs
and outputs bitness. The circuit that implements the scaling procedure is an additional n-th level of
conversion and is connected only to the existing coder inputs. The method does not require changes

208



ISSN 2412-4338  TenexomyHnikamiiini Ta indopmaniiini Texnosorii. 2025. Ne 1 (86)

in the circuit of the already designed existing coder. In the same way, scaling is provided for any
input and output bits of the coder.

This ensures the structure regularity of the digital device, and also significantly simplifies the
implementation of the coder expansion in terms of the number of input arguments and the bitness of
the output word.

A comparative assessment of the complexity of the proposed solution for coders of any bitness
is performed. It is shown that with an increase in the bitness, the indicators of reducing the coder
complexity improve.
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